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Abstract: This short note is devoted to the Hamiltonian analysis of the normalized gen-
eral relativity and recently proposed model of vacuum energy sequestering. The common
property of these models is the presence of the global variables. We discuss the meaning
of these global variables in the context of the canonical formalism and argue that their
presence lead to the non-local form of the Hamiltonian constraint.
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1. Introduction and Summary
One of the most serious mystery of today’s physics is the value of the cosmological constant
[1]. There are many proposals how to explain the small values of given constant, for review
of some of the most popular ones, see [2]. Another less known model that explains the origin
of cosmological constant is unimodular gravity [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17].
In the framework of unimodular gravity the cosmological constant Λ is interpreted as
an arbitrary constant of integration. However even if the cosmological constant is now
determined by initial conditions we still do not know how to control its value.
Due to the fact that the value of the cosmological constant is very small one can
wonder why it is not exactly equal to zero. In other words it would be interesting to find
some symmetry principle that enforces the cosmological constant to be zero. Clearly the
problem why the cosmological constant has so tiny value remains.
However the requirement that the cosmological constant is zero has remarkable con-
sequence for the structure of the theory. In fact, this requirement can be enforced when
we demand that the Lagrangian density is invariant under shift L → L + const. Clearly
when the theory obeys this symmetry the cosmological constant is trivial. Then the re-
quirement that the theory is invariant under constant shift of the Lagrangian leads to so
called normalized Einstein-Hilbert action
I =
∫
d4x
√−gˆ( 116piG (4)R+ Lm)
ǫ
∫
d4x
√−gˆ , (1.1)
where ǫ is the parameter of the mass dimension M4 in order to make given action dimen-
sionless. The above action was firstly introduced by Tseytlin [18] where he considered this
theory as an effective low energy limit of some duality symmetric closed string theory. On
the other hand given theory can be formulated without this assumption, see for example
[19, 20].
Finally recently new proposal how to solve cosmological constant problem was proposed
in [21, 22, 23]. It is based on the mechanism that ensures that all the vacuum energy from a
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matter sector is sequestered from gravity. The idea it to make all scales in this matter sector
functionals of the four volume element of the Universe. It turns out that the mechanism is
minimal modification of general relativity when we add to the action auxiliary fields with
an extra term that is not integrated over. Explicitly, this mechanism is described by the
action
S =
∫
d4x
√
−gˆ
[
1
16πG
(4)R− Λ− λ4L(λ−2gˆµν ,Φ)
]
+ σ
(
Λ
λ4µ4
)
, (1.2)
when the matter with Lagrangian density L couples minimally to the rescaled metric
g˜µν = λ
2gˆµν . In this proposal Λ and λ are dynamical variables without any local dynamics.
It is important to stress that they are not conventional auxiliary fields where we can
presume that they vary over the space-time but with no kinetic terms in the Lagrangian.
Instead the variables used in the models above are global variables with no dependence
of space-time coordinates. However this fact implies that even if given theory can be
interpreted as a minimal modification of the general relativity the presence of the global
variables has crucial impact on the Hamiltonian formulation. More precisely, the fact
that these variables are global one implies that it is not possible to define their conjugate
momenta. This is crucial difference from the case of auxiliary fields that appear in the
Lagrangian density so that we can introduce their conjugate momenta as the primary
constraints of the theory. We argue that in case of the global variables we should proceed
in different way. First of all we introduce Hamiltonian for all dynamical fields that appear in
the Lagrangian. Using this Hamiltonian and corresponding canonical variables we perform
the variation of the action which leads to the equations of motion that can be expressed
using conventional Poisson brackets. On the other hand the variation of the action with
respect to the global variables leads to the set of relations between canonical variables.
Note that by nature of these global variables these relations include the integration over
the space and time. As the final step we include these relations to the equations of motion
for the canonical variables. Say differently, if we express the equations of motion in terms
of Poisson brackets we find that these global relations should be inserted to these Poisson
brackets after their explicit evaluations. We demonstrate that this procedure is generally
valid even for the system with constraints.
Following this general discussion we determine corresponding Hamiltonian structure
for normalized general relativity and for the action (1.2). We firstly calculate the Poisson
brackets between canonical variables and then insert the values of the global variables to
them. Then it is clear that if we found that the Poisson bracket vanishes on the constraint
surface it will vanish on the constraint surface even with the explicit values of the global
variables included. In other words the constraint structure of all these theories is the same
as in case of standard general relativity [4, 3]. Of course, the problem is that the equations
of motion for the canonical variables are non-local since they depend on the integrals of the
canonical variables defined over the whole space-time. But when we presume that these
global constraints can be fixed in some way we obtain well defined system with the clear
constraint structure.
This paper is organized as follows. In the next section (2) we perform canonical
analysis of general systems with global variables. Using this formalism we proceed to the
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Hamiltonian analysis of the normalized general relativity in section (3). Finally in section
(4) we perform Hamiltonian analysis of the model proposed in [21, 22, 23].
2. Hamiltonian Analysis for Systems with Global Variables
Let us consider an action in the following form
S =
∫
dtL(q, q˙,Λ) + f(Λ) , (2.1)
where f is some function that depends on global variable Λ and where q generally means
set of dynamical variables. The equations of motion for q and Λ that arise by variation of
the action with respect to q and Λ take the form
δL
δq
− d
dt
(
δL
δq˙
)
= 0 ,
∫
dt
δL
δΛ
+
df
dΛ
= 0 . (2.2)
Let us presume that the last equation can be solved for Λ as a function of q, q˙ so that
Λ = Λ(q′, q˙′), where q′ ≡ q(t′), q˙′ = g˙(t′) and where generally Λ depends on q′, q˙′ through
the integral over t′. Then inserting this value of Λ into the first equation of (2.2) we derive
the equation of motion for q that is manifestly non-local.
Let us now try to formulate Hamiltonian formalism for given system. We define the
canonical momentum p and the Hamiltonian H in the usual manner as p = δL
δq˙
,H =
pq˙ − L. Note that due to the fact that Λ is global variable it does not make sense to
define corresponding conjugate momentum. This can be also seen from the fact that this
variable is not included in the Lagrangian of the theory. It is instructive to compare this
situation with the possibility when Λ depends on t at least in principle. In this case we
can introduce the conjugate momentum that, due to the fact that the Lagrangian does not
depend on time derivative of Λ, is the primary constraint of the theory. The presence of
such primary constraint would lead to the emergence of the secondary constraint which
will be manifestly local.
Returning to our case we formulate the action using the canonical variables p and q so
that it has the form
S =
∫
dt(pq˙ −H(p, q,Λ)) + f(Λ) . (2.3)
The variation of the action has the form
δS =
∫
dt
(
δpq˙ − p˙δq − δH
δp
δp − δH
δq
δq − δH
δΛ
δΛ
)
+
df
dΛ
δΛ = 0
(2.4)
so that we derive following equations of motion
q˙ =
δH(p,Λ)
δp
,
p˙ = −δH(p,Λ)
δq
,
∫
dt
δH
δΛ
=
df
dΛ
.
(2.5)
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Let us presume that the last equation can be solved for Λ, at least in principle, so that
Λ = Λ(p′, q′) Then we can insert this value to the first two equations and we derive
q˙(t) =
δH(q, p,Λ(q′, p′))
δp
, p˙ = −δH(q, p,Λ(q
′, p′))
δq
.
(2.6)
Note that this dependence of Λ was introduced after the variation with respect to q and p
was performed. Finally note the well known relation between variation of the Hamiltonian
with respect to q, p and the Poisson brackets so that we can rewrite these equations of
motion into the form
q˙ = {q,H} (Λ(q′, p′)) ,
p˙ = {p,H} (Λ(q′, p′)) ,
(2.7)
where again the explicit dependence of Λ on q′, p′ is introduced after the calculation of
the Poisson brackets. Clearly this procedure can be extended to any phase space functions
f(p, q).
On the other hand let us consider the more general case of systems with constraints.
Let us presume that we have set of primary constraints φn(q, p,Λ) ≈ 0 that follow from
the form of the Lagrangian. Note that generally φn depend on Λ. Then that extended
Hamiltonian takes the form
HE = H + λ
nφn(q, p,Λ) (2.8)
Now the variation principle takes the form
δS =
∫
dt
(
δpq˙ − p˙δq − δH
δp
δp − δH
δq
δq − δH
δΛ
δΛ−
− λn δφn
δq
δq − λn δφn
δp
δp − λn δφn
δΛ
δΛ
)
+
df
dΛ
δΛ = 0
(2.9)
where we ignored the variation of the action with respect to λ that implies the constraint
φn ≈ 0. From this variation we derive the equation of motion
q˙ =
δH
δp
+ λn
δφn
δp
,
p˙ = −δH
δq
− λn δφn
δq
,
∫
dt
[
δH
δΛ
+ λn
δφn
δΛ
]
=
df
dΛ
.
(2.10)
Let us for simplicity presume that φn does not depend on Λ. Then from the last equation
we can find Λ, at least in principle. Further the requirement of the preservation of the
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constraints φn is equal to
dφn
dt
= {φn,H} (Λ) + λm {φn, φm} = 0 . (2.11)
If {φn, φm} is regular matrix then this equation can be solved for λm. On the other hand if
{φn, φm} is zero we determine another secondary constraints ψi(p, q,Λ). We should include
these constraints into the definition of the Hamiltonian so that we find the most general
case where we have an extended Hamiltonian with collection of all constraints included
where the constraints generally depend on Λ. Explicitly, let us denote ΦI as the collection
of all constraints, primary, secondary and so on so that the total Hamiltonian has the form
1
HT = H + λ
IΦI (2.12)
so that the extended action has the form
S =
∫
dt(pq˙ −HT ) + f(Λ) =
∫
dt(pq˙ −H − λIΦI) + f(Λ) . (2.13)
Then the requirement of the preservation of all constraints has the form
dΦI
dt
= {ΦI ,H} (Λ) + λJ {ΦI ,ΦJ} = 0 . (2.14)
Let us presume that these equations can be solved for λI = λI(p, q,Λ). Then inserting
these values of λI into the ”equation of motion” for Λ that follows from (2.13)∫
dt
(
δH
δΛ
+ λI
δΦI
δΛ
)
=
df
dΛ
(2.15)
we find the equation for Λ that can be solved for the canonical variables, at least in principle.
Finally plugging this value of Λ into H and ΦI we find non-local form of the Hamiltonian
for given system. However it is important to stress that the constraint structure of given
system does not depend on the explicit dependence of Λ on the canonical variables as
follows from the fact that we calculate the Poisson brackets with fixed Λ.
Let us also discuss the possibility that some of the Lagrange multipliers λ were not
fixed by equation (2.14) which would imply that corresponding constraints are the first
class. Then we wound find that Λ depends on non specified gauge parameters. On the
other hand we can fix this gauge freedom by introducing corresponding set of gauge fixing
functions that we denote as Gα so that the extended action has the form
S =
∫
dt(pq˙ −H − ΛIΦI − ωαGα) + f(Λ) . (2.16)
Then by definition of the gauge fixing functions we find that all Lagrange multipliers ΛI , ωα
are determined by the requirement of the preservation of the constraints φI ,Gα during the
time evolution of the system. Finally we determine Λ from (2.15) with additional term
ωα δGα
δΛ .
In the next two sections we apply this general analysis to the cases of two models
introduced in the introduction section.
1For review of the Hamiltonian analysis of constrained systems, see [24, 25].
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3. Normalized General Relativity
The normalized Einstein-Hilbert action has the form
S =
1
ǫ
∫
d4x
√−gˆ
∫
d4x
√
−gˆ
(
1
16πG
(4)R+ Lmatter
)
, (3.1)
where ǫ is constant with dimension [ǫ] = M4. To proceed to the Hamiltonian formalism
we introduce two auxiliary global variables A and B and rewrite the action into the form
S =
1
A
∫
d4x
√
−gˆ
(
1
16πG
(4)R+ Lmatter) +B(A− ǫ
∫
d4x
√
−gˆ
)
. (3.2)
The equations of motion that follow from this action have the form
A− ǫ
∫
d4x
√
−gˆ = 0 ,
− 1
A2
∫
d4x
√
−gˆ( 1
16πG
(4)R+ Lmatter) +B = 0 ,
1
A
[
1
16πG
(Rµν − 1
2
gˆµνR)− Tµν ] + 1
2
Bǫgˆµν = 0 .
(3.3)
From the first equation we find A = ǫ
∫
d4x
√−gˆ so that the second equation gives
B =
1
(ǫ
∫
d4x
√−gˆ)2
∫
d4x
√
−gˆ( 1
16πG
(4)R+ Lmatter) . (3.4)
Inserting these two expressions to the equation of motion for gˆµν we finally obtain
1
16πG
(Rµν − 1
2
gˆµνR)− Tµν + 1
2
S¯gˆµν = 0 ,
S¯ =
∫
d4x
√−gˆ( 116piG (4)R+ Lmatter)
ǫ
∫
d4x
√−gˆ
(3.5)
that is the equation of motion found in [18]. To proceed to the canonical formulation we
use the well know 3 + 1 formalism that is the fundamental ingredient of the Hamiltonian
formalism of any theory of gravity 2. We consider 3 + 1 dimensional manifoldM with the
coordinates xµ , µ = 0, . . . , 3 and where xµ = (t,x) ,x = (x1, x2, x3). We presume that
this space-time is endowed with the metric gˆµν(x
ρ) with signature (−,+,+,+). Suppose
that M can be foliated by a family of space-like surfaces Σt defined by t = x0. Let
gij , i, j = 1, 2, 3 denotes the metric on Σt with inverse g
ij so that gijg
jk = δki . We further
introduce the operator ∇i that is covariant derivative defined with the metric gij. We also
define the lapse function N = 1/
√
−gˆ00 and the shift function N i = −gˆ0i/gˆ00. In terms of
these variables we write the components of the metric gˆµν as
gˆ00 = −N2 +NigijNj , gˆ0i = Ni , gˆij = gij ,
gˆ00 = − 1
N2
, gˆ0i =
N i
N2
, gˆij = gij − N
iN j
N2
.
(3.6)
2For recent review, see [5].
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Using 3 + 1 dimensional decomposition of the metric we find the primary constraints in
the form
πN ≈ 0 , πi ≈ 0 (3.7)
so that the bare Hamiltonian has the form
H =
∫
d3x(N(HT + ǫB√g) +N iHi) ,
HT = 16πGA√
g
πijGijklπkl −
√
g
16πGA
R+
A
2
√
g
p2Φ +
1
2A
√
ggij∂iΦ∂jΦ+
√
g
A
V (Φ) ,
Hi = −2gik∇jπjk + pΦ∂iΦ ,
(3.8)
where
Gijkl = 1
2
(gikgjl + gilgjk)− 1
2
gijgkl , (3.9)
and where R is three dimensional curvature. Further, πij are momenta conjugate to gij
with non-zero Poisson bracket
{
gij(x), π
kl(y)
}
=
1
2
(
δki δ
l
j + δ
l
iδ
k
j
)
δ(x − y) . (3.10)
Finally note that for simplicity we considered the matter Lagrangian density in the form
Lmatter = −1
2
gˆµν∂µΦ∂νΦ− V (Φ) . (3.11)
Now the preservation of the primary constraints imply an existence of the secondary con-
straints
H′T ≡ HT + ǫB
√
g ≈ 0 , Hi ≈ 0 .
(3.12)
Following the general discussion presented in previous section we should analyze the time
evolution of all constraints. As usual it is useful to introduce the smeared form of the
constraints HT ,Hi
TT (X) =
∫
d3xXH′T , TS(Xi) =
∫
d3xXiHi , (3.13)
where X,Xi are smooth functions on Σ and where these constraints obey following Poisson
bracket algebra
{TT (X),TT (Y )} = TS((X∂iY − Y ∂iX)gij) ,
{TS(X),TT (Y )} = TT (Xi∂iY ) ,{
TS(X
i),TS(Y
j)
}
= TS(X
j∂jY
i − Y j∂jXi) .
(3.14)
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From this algebra we see that these constraints are preserved under the time evolution of
the system. Let us then consider the action
S =
∫
dtd3x(πij∂tgij −N(HT + ǫB√g)−N iHi) +BA (3.15)
so that the equation of motion with respect to A and B have the form
A = ǫ
∫
dtd3xN
√
g , B =
∫
dtd3xN
δHT
δA
=
=
∫
dtd3xN
(
16πG√
g
πijGijklπkl +
√
g
16πGA2
R+
1
2
√
g
p2Φ −
1
2A2
√
ggij∂iΦ∂jΦ−
√
g
A2
V (Φ)
)
.
(3.16)
Finally inserting these values to the Hamiltonian constraint H′T we obtain the Hamiltonian
form of the normalized general relativity where the Hamiltonian constraint is manifestly
non-local but which, according to the discussion given above, has the same constraint
structure as general relativity with the collection of the first class constraints πN ≈ 0, πi ≈
0,H′T ≈ 0,Hi ≈ 0. These constraints could be eventually fixed by some gauge fixing
procedure with corresponding consequence for the values of the global variables A and B.
4. Hamiltonian Analysis of Vacuum Energy Sequestering Model
In this section we would like to perform Hamiltonian analysis of the model proposed in
[21]. The action has the form
S =
∫
d4x
√
−gˆ
[
M2P l
2
(4)R− Λ− λ4Lmatter(λ−2gˆµν ,Φ)
]
+ σ
(
Λ
λ4µ4
)
, (4.1)
where matter couples minimally to the rescaled metric g˜µν = λ
2gˆµν . For simplicity we
again consider the matter action given in (3.11). Finally Λ and λ that appear in (4.1) are
global variables.
In the similar way as in previous section we find the Hamiltonian in the form
H =
∫
d3x(N(HT +√gΛ) +N iHi) (4.2)
with the primary constraints of the theory
πN ≈ 0 , πi ≈ 0 , (4.3)
and where
HT = 2
M2pl
√
g
πijGijklπkl −
M2pl
2
√
gR+
1
2λ2
√
g
p2Φ +
λ2
2
√
ggij∂iΦ∂jΦ+ λ
4V (Φ) ,
Hi = −2gik∇jπjk + pΦ∂iΦ .
(4.4)
– 8 –
Now preservation of the primary constraints imply the secondary constraints
∂tπN = {πN ,H} = −HT −√gΛ− ≡ −H′T ≈ 0 ,
∂tπi = {πi,H} = −Hi ≈ 0 .
(4.5)
Note that the smeared form of these constraints have the same Poisson brackets as in (3.14)
so that given theory has the same constraint structure. Now the corresponding action has
the form
S =
∫
dtd3x(πij g˙ij −N(HT +√gΛ)−N iHi) + σ
(
Λ
λ4µ4
)
, (4.6)
where Λ, λ are determined from the equations
1
µ4λ4
σ′ =
∫
dtd3xN
√
g ,
4
Λ
λ5µ4
σ′ = −
∫
dtd3x(− 1
λ3
√
g
p2Φ + λ
√
ggij∂iΦ∂jΦ+ 4λ
3V (Φ)) ,
(4.7)
where σ′(x) ≡ dσ
dx
. As was argued in [21, 22] the form of the function σ should be determined
on phenomenological grounds but in principle we can presume that equations given above
can be solved for λ,Λ. For simplicity let us consider the simplest case σ(x) = x. Then
from the first equation we obtain
λ4 =
1
µ4
∫
dtd3xN
√
g
(4.8)
and from the second one we obtain
Λ =
1
4
∫
dtd3x
(
λ2√
g
p2Φ − λ6
√
ggij∂iΦ∂jΦ− 4λ4V (Φ)
)
. (4.9)
Inserting these values to the Hamiltonian we find the final form of the Hamiltonian formula-
tion of this model that has similar canonical structure as the normalized general relativity.
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